In this paper, primitive submodules are defined and various properties of them are investigated. Some characterizations of co-semisimple modules are given and several conditions under which co-semisimple and regular modules coincide are discussed.
Introduction
Let M be a module. Any module that is isomorphic to a submodule of some homomorphic image of a direct sum of copies of M is called an M -subgenerated module. [29, 18.3] it is proved that a finitely generated quasi-projective module is projective in σ [M ] .
A module N ∈ σ[M ] is called M -singular [28] if there exists a short exact sequence 0 → K → L → N → 0 in σ[M ] such that K is essential in L. The largest M -singular submodule of N is denoted by Z(N ). If Z(N ) = 0, then N is called non-M -singular.
Let M be a module and N and K be submodules of M . The product of N with K in M is defined as follows [5] :
The product N M N will be denoted by N 2 and N will be called an idempotent in M if N 2 = N . If every submodule of M is an idempotent, then M is called fully idempotent. It is obvious that, for any left ideal I of a ring R, R I is an idempotent in R R iff I is an idempotent left ideal. If every left ideal (resp., two-sided ideal) of the ring R is an idempotent, then R is called a fully left idempotent (resp., fully idempotent) ring. [19, Remark 20] .
2) A proper fully invariant submodule N of M is called semiprime in M [20] if K M K ⊆ N , then K ⊆ N for any fully invariant submodule K of M . The module M is called a semiprime module if 0 is a semiprime submodule in M . More information on semiprime submodules can be found in [9] .
By a fully invariant (resp., prime, semiprime) factor module of M , we mean a factor module M/N for a fully invariant (resp., prime, semiprime) submodule N of M .
A module M is called regular if every cyclic submodule of M is a direct summand of M (see [25] for more information). We should note that, Zelmanowitz in [32] defined a regular module provided that for any m ∈ M there exists f ∈ Hom R (M, R) such that m = f (m)m, and he proved that every cyclic submodule of such a module is a direct summand [32, Proposition 1.6] . But the converse is not true in general, e.g. consider the abelian group Z p . In the ring case, they are the same notions (see [13, Theorem 1.1] ) and called a von Neumann regular ring. In this paper, we use the aforementioned definition of regular modules.
The paper is organized as follows. In Section 2, we characterize regular modules in terms of semiprime modules (Theorem 2.3). In Section 3, using the annihilator of a module defined by Beachy in [4] , we introduce primitive submodules inspired by left primitive ideals. Various basic properties of primitive submodules are investigated. If M is a projective module in σ[M ], then any proper primitive submodule of M is prime; and maximal and primitive submodules coincide if, in addition, M is quasi-duo (Proposition 3.9). Section 4 is devoted to modules whose primitive factors are artinian. We prove that every primitive factor module of a projective fullybounded Noetherian module is artinian and FI-simple, i.e. it has no fully invariant submodules except 0 and M (Theorem 4.13).
In the final section, Section 5, we consider co-semisimple and regular modules and determine some relations between them. A well-known theorem of Kaplansky states that the concepts of von Neumann regular rings and V-rings coincide for commutative rings. As a generalization of this result, Baccella proved in [3, Theorem] that if R is a ring whose right primitive factor rings are artinian, then R is von Neumann regular iff R is a right V-ring (i.e. R R is co-semisimple). But his proof is not correct, because in the proof he used the fact that "a prime fully idempotent ring is right and left nonsingular" (see [2, Lemma 4.3] ). We see that this fact is not true making use of an example due to Bergman, see Remark 5.17 . In this respect, we investigate some conditions under which any co-semisimple module with every primitive factor module artinian is regular. We prove that if M is finitely generated, quasi-projective, co-semisimple, fully bounded, and every primitive factor module of M is artinian, then M is regular (Corollary 5.12). Also, if M is finitely generated, quasi-projective, co-semisimple, and every essential submodule of M is a finite intersection of maximal submodules and every primitive factor module of M is artinian, then M is regular (Theorem 5.15). On the other hand, if Hom R (M, S) = 0 for every simple module in σ[M ], every primitive factor module of M is co-semisimple, and M is regular, then M is cosemisimple (Theorem 5.7). Furthermore, Kaplansky's result was also extended to left quasi-duo rings by Yu [31] . In this section, we also provide the module-theoretic version of Yu's theorem (Proposition 5.13).
Throughout this paper, rings are associative with identity, and modules are left modules. Let R be a ring. We write R M for a left R-module M . The notation N ≤ M (N ≤ e M ) means that N is an (essential) submodule of a module M . The Jacobson radical and the socle of M are denoted by Rad(M ) and Soc(M ), respectively. We denote by Hom R (M, K) the Rhomomorphisms from the module M to the module K, and by End R (M ) the endomorphism ring of a module M over a ring R. We refer to [1, 29] for all undefined terminology in this paper.
According to Proposition 2.2, every submodule and every fully invariant factor module of a regular module is regular. Also any regular module is fully idempotent. 1) M is semiprime, the union of every chain of semiprime submodules in M is semiprime, and every prime factor module of M is regular.
2) M is regular. Then (1) ⇒ (2). If M is finitely generated, then (2) ⇒ (1).
Proof. (2) ⇒ (1) We just note that the union of semiprime submodules is a proper submodule of M since M is finitely generated.
(1) ⇒ (2). Let 0 = x ∈ M . Suppose Rx has no direct complements in M . Consider
Consider the canonical projections ρ :
, there exists f : M → Rx such that the following diagram commutes:
Then, by Zorn's Lemma, there exists a semiprime submodule A of M maximal with respect to the property that Rx + A/A has no direct complements in M/A. By hypothesis, A cannot be prime in M . So, we can assume that A = 0 and M is semiprime but not prime. Hence, there exist nonzero fully invariant submodules B and C of M such that 
Hence, x+(gf −f −g)(x) = 0. This implies that (gf −f −g)(x) = −x, and so (g+f −gf )(x) = x. Thus M is regular by Proposition 2.2, a contradiction.
Corollary 2.4. Let M be a nonzero finitely generated quasi-projective module. Then M is regular if and only if every nonzero fully invariant factor module of M is semiprime and every prime factor module of M is regular.
Proof. ⇒. Since M is regular, N M N = N for every submodule N of M . Then every proper fully invariant submodule of M is semiprime. Hence every nonzero fully invariant factor module of M is semiprime. [29, 18.3] . Let {A i } I be a chain of semiprime submodules of M . Since each A i is proper and M is finitely generated, I A i is a proper fully invariant submodule of M . By hypothesis M/ I A i is a semiprime module. Thus I A i is semiprime in M .
Primitive submodules
In this section, we define primitive submodules and consider some of their basic properties. First, recall the annihilator of a module.
Definition 3.1.
[4] Let M and X be R-modules. The annihilator of X in M is defined as
This is also defined as Rej M (X) in the literature (see [1] ). Note that Ann R (X) = l R (X), the usual left annihilator of X in R by [1, Proposition 8.22 ]. 2. The following are equivalent for an R-module M .
Indeed, if M has a maximal submodule M, then M has a proper primitive submodule, namely P = Ann M (M/M). Hence every nonzero module has a primitive submodule. Here, we should note that σ[M ] always has a simple module for any nonzero module M (see [29] ). 
It follows that N ≤ P . Hence P is a prime submodule of M .
Example 3.5. Let p ∈ Z be a prime number and let k be any positive integer. Then the abelian group Z p k is self-projective. Since Z p k is finitely generated, it is projective in σ[Z p k ] by [29, 18.3] . Note that
Proof. If M = 0, then there is nothing to prove. Assume that M = 0. Denote Proof. Since P = Ann M (S) is a proper submodule of M , there exists a nonzero homomorphism f : M → S. Then P ⊆ Ker(f ) and so we have an epimorphism M/P → M/Ker(f ) ∼ = S. It follows that S ∈ σ[M/P ]. Let x + P ∈ M/P be a nonzero element in Ann M/P (S). Since x ∈ P , there exists a homomorphism g : M → S such that g(x) = 0. So P ⊆ Ker(g). This implies that there exists a homomorphism g : M/P → S such that g = gπ where π : M → M/P is the canonical epimorphism. Thus 0 = g(x) = gπ(x) = g(x + P ) = 0, a contradiction. Hence Ann M/P (S) = 0. In [23, 3.25] , quasi-duo modules were presented as quasi-invariant modules. 
Modules whose primitive factors are artinian
In this section, we prove that every primitive factor module of a projective fully-bounded Noetherian module is artinian FI-simple.
Let us first consider the modules whose primitive factors are artinian. Obviously, if M/Rad(M ) is artinian, then M/P is artinian for any primitive submodule P of M . On the other hand, we will show that if M is a projective module in σ[M ] and M/P is artinian for any primitive submodule P of M , then M/P is semisimple. To prove it, we need the following. Proof. Let M be a projective module in σ[M ] and P a primitive submodule of M such that M/P is artinian. If P = M , then there is nothing to prove. Assume that P = M . Since P is fully invariant, M/P is projective in σ[M/P ] (see [26, Lemma 9] ) and it is a prime module by Proposition 3.4 and [19, Proposition 18] . So M/P is retractable by Lemma 4.2. Any retractable semiprime artinian module is semisimple by [9, Theorem 1.17]. Hence M/P is semisimple. Now, we give the following definitions generalizing the concept of left bounded (resp., fully bounded) rings given by Chatters and Hajarnavis in [11] to the module theory. 2) M is fully bounded if every prime factor module of M is bounded.
3) M is an FBN-module if M is fully bounded and noetherian.
Example 4.5. If M is an artinian uniserial module (i.e. a module whose submodules are linearly ordered), then Soc(M ) is simple, fully invariant and essential in M . Since Soc(M ) is contained in all nonzero submodules of M , we have that M is bounded. Moreover, since every factor module of an artinian uniserial module is artinian uniserial, M is also fully bounded.
In the literature, there are many other generalizations of bounded (resp., fully bounded) rings to modules, for example see [7] , [15] , [17] , and [22] . The definitions of bounded and fully bounded modules given in [7, Definition 2.1] are very close to ours. For convenience of the reader, we will give the definitions here and compare them with ours. Proof. ⇒. It is obvious.
⇐. Let P be a prime submodule of M and consider the factor module M/P . Let N ≤ e M/P . Since M is fully ξ-bounded, then there exists a nonzero fully invariant submodule K of M/P such that K ⊆ N . Since M/P is a prime module, by [ Proof. It follows from the facts that, if M is a semisimple module, then each homogeneous component (i.e. the direct sum of all isomorphic simple submodules) of M is fully invariant in M , and each fully invariant submodule F of M is the direct sum of the homogeneous components of M such that each of which has nonzero intersection with F . 
The following result will be used to prove the main theorem. We are now going to prove the main theorem of this section. Note that the ring version was proved in [14, Proposition 8.4 ]. Proof. First notice that since M is noetherian, Rad(M ) = M . Since M is Kasch, every simple module in σ[M ] can be embedded in Soc(M ), and since M is noetherian, Soc(M ) is finitely generated. Then the set of simple modules in σ[M ] is finite up to isomorphism. Hence the set of primitive submodules of M is finite, say P 1 , ..., P n . This implies that Rad(M ) = P 1 ∩ · · · ∩ P n by Proposition 3.6. Then by the monomorphism M/Rad(M ) → M/P 1 ⊕ · · · ⊕ M/P n defined by m + Rad(M ) → (m + P 1 , . . . , m + P n ) and Theorem 4.13, we obtain that M/Rad(M ) is semisimple artinian.
Co-semisimple and regular modules
Dual to semisimple modules are the co-semisimple modules which were introduced by Fuller [12] and also called V-modules by Ramamurthi [21] .
If R R is co-semisimple, we call R a left V-ring.
Notice that any simple module not belonging to σ[M ] is M -injective, and semisimple modules are co-semisimple (see [29, p. 190] ). It is well known that co-semisimple and regular modules are independent notions (see [29, Example 23.6] ). In this section, we investigate some conditions under which regular modules and co-semisimple modules coincide.
The following characterization of co-semisimple modules was given in [12 Remark 3.3(3) ). Then M/P is co-semisimple by hypothesis. Now, assume that P = Ann M ( S). By [7, Proposition 1.5], S ∈ σ[M/P ]. Since M/P is co-semisimple, S is injective in σ[M/P ] by Lemma 3.7. So S is a direct summand of S, and hence S = S is injective in σ[M ]. In this case M is co-semisimple.
Assume that P = Ann M ( S). Then there exists a morphism f : M → S such that f (P ) = 0. Since S ≤ e S, S ⊆ f (P ). Let p ∈ P be such that S = Rf (p). Proof. Let S be a simple module in σ[M ] and consider the proper primitive submodule P = Ann M (S) of M . By hypothesis, M/P is co-semisimple. By Lemma 3.7, S ∈ σ[M/P ], and then S is M/P -injective. Now, we claim that S is M -injective. Let N ≤ M and f : N → S be a morphism. Since M is fully idempotent, N ∩ P = N ∩ (P M P ), so let n = f 1 (p 1 ) + · · · + f k (p k ) ∈ N ∩ P where each f i ∈ Hom(M, P ). Since M is regular, Rn is a direct summand of M , and then we have the canonical projection π :
Corollary 5.8. Consider the following conditions for a ring R: 1) R is von Neumann regular, and every left primitive factor ring of R is a left V-ring.
2) R is fully left idempotent, and every left primitive factor ring of R is a left V-ring. 
and M is semiprime, we have that N ∩ f (M ) = 0. But N ≤ e M , this is a contradiction. Thus M is non-M -singular.
A module M is called Goldie [27] if it satisfies the ACC on left annihilators and has finite uniform dimension.
Theorem 5.11. Let M be finitely generated, quasi-projective, co-semisimple, and non-Msingular with E := End R (M ) prime. If every primitive factor module of M is artinian, then M is semisimple artinian.
Proof. First we claim that M is a prime Goldie module.
Assume that M = 0. Since M is co-semisimple, it is semiprime and then it is retractable by Lemma 4.2. So M is prime by Lemma 5.9.
On the other hand, T := End R ( M ) is the maximal ring of quotients of E by [30, 11.1 and 11.5] where M is the M -injective hull of M . Let {N n : n ∈ N} be an independent family of submodules of M . Then {Hom R ( M , N n ) : n ∈ N} is an independent family of right ideals of T . Since E E is essential in T by [30, 11.5] , we have an independent family of cyclic right ideals of E, say g n E (n ∈ N), such that all g n T (n ∈ N) is independent in T . Since E is a prime ring, there exists h n ∈ E (n ∈ N) such that z n := g n h n−1 g n−1 . . . h 1 g 1 = 0. So, we have a descending chain of left ideals T z 1 ⊇ · · · ⊇ T z n ⊇ · · · . Since T is a regular ring, there exist nonzero idempotents f n ∈ T such that T z n = T f n for all n ∈ N. Then there is an ascending chain (1 − f 1 )T ⊆ · · · ⊆ (1 − f n )T ⊆ · · · . Consider the R-submodule
for some n because M is finitely generated. Then (1 − f n )T M ≤ e M , but (1 − f n ) M ∩ f n M = 0 gives a contradiction. Thus K ⊂ M and M ⊆ K. Since M is co-semisimple, so is M . Then there exists a maximal submodule M of M such that K ⊆ M and M ⊆ M.
Assume that j : M → M and π : M → M /M are the canonical inclusion and projection respectively. Since M ⊆ M, πj = 0. This implies that P = Ann M ( M /M) is a proper primitive submodule of M . Notice that T P ⊆ M, in fact, if α ∈ T , then πα(P ) = παj(P ) = 0 because παj : M → M /M. Thus T P ⊆ M.
By hypothesis M/P is artinian, hence Soc(M/P ) = 0, therefore by Propositions 4.3 and 4.12, M/P is FI-simple. Hence P is a maximal fully invariant submodule of M . On the other hand, T P ∩M is a fully invariant submodule of M containing P , so P = T P ∩M or T P ∩M = M . But, since M ⊆ M, we have P = T P ∩ M .
We now claim that z n (M ) ⊆ P for all n. Suppose that z n (M ) ⊆ P for some n. By construction, write f n = αz n for some α ∈ T . Then f n (M ) = αz n (M ) ⊆ α(P ) ⊆ M. Thus
